Introduction
The viscoelastic properties of the dispersion of solid particles are of particular importance in several scientific, engineering, and industrial fields. These properties are Send offprint requests to: a tiwashit@utk.edu ing small shear deformations of frequency ω. The complex modulus consists of elastic and viscous components (i.e., the storage modulus G ′ (ω) and the loss modulus G ′′ (ω)).
In general, materials tend to lose elastic energy by dissipation when the frequency of external deformation is low, but can store elastic energy when the frequency is high.
Understanding viscoelastic behavior has been the sub- The widely used simulation technique is Stokesian dynamics (SD) method [5] , which is based on the Stokes approximation (Re → 0), involves near-field lubrication forces and far-field many-body HIs. The SD method has succeeded in simulating the motions of particle dispersions at steady shear. However the viscoelasticity of particle dispersions at oscillatory shear has not been examined. have been developed. One of these methods, which we call the direct numerical simulation (DNS) method for particle dispersions, involves solving the Navier-Stokes (NS) equation for host fluids in a manner consistent with boundary conditions defined according to the particle positions and motions. Aside from several successful implementations of DNS methods for particle dispersions [6, 7, 8, 9, 10, 11, 12, 13, 14] , other methods have been developed that do not rely on the Navier-Stokes equation to resolve fluid motions. The coupling methods of particle dynamics with the latticeBoltzmann (LB) method [15] or stochastic rotational dynamics (SRD) [16, 17] are the most popular alternatives to DNS, because LB and SRD are believed to be more computationally efficient. Those techniques mentioned above enable us to simulate the short-time motions of particle dispersions, where the coupling between the particle motion and the fluid motion remains strongly, even if Reynolds number is very small.
One of the typical behavior is the power-law decay in the velocity correlations of particles, which is known as "longtime tail". In addition, Those methods have succeeded in simulating several complex phenomena, such as the structure formation in colloidal gels where the pressure filed of the fluid plays an important role [18] and electrophoresis of charged colloidal dispersions [19, 20] .
Although extensions of those methods have already been developed for steady shear flow with DNS [26] , LB [21, 22, 23] , and SRD [24] , there exists no successful attempt for calculating the complex moduli of the dispersions with an imposed oscillatory shear flow. The purpose of the present paper is to report our successful reproductions of experimentally observed behaviors of the storage G ′ (ω) and loss G ′′ (ω) moduli in temporally oscillating shear flow.
To check the validity of the method, we first apply the method to a Newtonian host fluid of viscosity η, which should exhibit a purely viscous response, G ′ (ω) = 0 and to examine the validity of our method for dense particle dispersions.
Simulation method
Let us consider a dispersion composed of identical spherical particles of radius a in a Newtonian host fluid subjected to oscillatory shear. The host fluid is described by the velocity field v(r, t) and the pressure field p(r, t). The ith dispersed particle is described by
R i is the position of the particle, V i is the translational velocity, and Ω i is the rotational velocity. The coupling scheme between the fluid motions and the particle motions is based on the smoothed profile method (SPM), which introduces a particle density field φ(r, t) ∈ [0 : 1] on the entire field, φ = 1 for the particle domains and φ = 0 for the fluid domains. These domains are separated by a thin interfacial domain of thickness ξ. The SPM is an efficient method to resolve the HIs between the fluid and particle motions; its details are given in [9,10,12].
The time evolution of the host fluid is governed by the Navier-Stokes equation
with the incompressibility condition ∇ · v = 0, where ρ f is the density of the fluid, η is the shear viscosity, the stress tensor σ = −pI + η{∇v + (∇v) T }, and f shear (r, t)
is an external force field that is introduced to enforce an oscillatory shear flow on the entire system. The body force φf p is introdued to ensures the rigidity of particles and the appropriate boundary condition at the fluid/particle interface [9,10,12].
The time evolution of the ith particle with mass M i and moment of inertia I i is governed by Newton's equa-tions of motion:
where F is the repulsive force that prevents the particles from overlapping, and a truncated Lennard-Jones potential,
is adopted in this work. Here, σ = 2a and r ij = |R i − R j |.
are the random force and torque, respectively, due to thermal fluctuations. These random fluctuations are assumed to be
, where denotes time averaging, and α V and α Ω are numerical parameters to control the particle temperature T . The procedure for determining the temperature is described in [25] .
The apparent stress σ app of the dispersion is written
where ρ t = (1 − φ)ρ f + φρ p , ρ p is the density of the particles, and V is the volume of the system. The derivation of Eq. (4) was reported in [26] .
The apparent stress σ app consists of two terms: the first term is a stress tensor including the external force and the second term is a stress tensor arising from the acceleration of the dispersion. In experimental viscoelastic measurements of dispersions, the acceleration term can be ignored, because the relaxation time scales related to the acceleration are considerably smaller than the experimental time scales. On the other hand, in the simulations based on the DNS approach, the acceleration term strongly affects the apparent stress of the dispersion.
There are two key points for calculating the apparent stress σ app of the dispersion: i) how to calculate the acceleration term in σ app , and ii) how to introduce the external force f shear . The first point is straightforward. For a simulation time step h, the acceleration term can be simply
the external force f shear is introduced as a body force, to enforce the following oscillatory velocity field over the entire system,
where y denotes distance in the velocity-gradient direction, andγ(t) is the oscillatory shear rate, with amplitudė γ 0 and frequency ω. Here, the flow is imposed in the x direction and L y is the length of the system in the y direction. This zigzag velocity profile was first used to simulate dispersions in a steady shear [25, 26] . Note that f shear is defined to be a body force that constrains the velocity field of the dispersions, and its explicit form is written as
If the external force is introduced as a boundary force, then the development of the velocity from the boundary to bulk (i.e., the propagation modes) are observed for short time scales, such as the kinematic time scale
In the simulation, the propagation modes influence the overall viscoelastic properties of the dispersion. On the other hand, in experimental measurements the propagation modes are ignored. Using the external forces mentioned above, we can eliminate the propagation modes numerically.
To measure the storage modulus G ′ (ω) and loss modulus G ′′ (ω), we monitor the xy component of the apparent shear stress, σ app xy , and shear rateγ as a function of time.
In general, the xy component of the stress is written as
where σ 0 is the amplitude of the stress and δ is the phase difference between σ app xy andγ. In our model, the shear rate is an externally controlled parameter. By using the obtained σ 0 and δ, we can determine the following dynamic viscoelastic moduli:
3 Simulation results If we consider a particle of radius 0.4µm in water at room temperature, the units of space and time correspond to be 0.1µm and 0.0112 µsec, respectively. In this case the simulated range of the frequency, f = ω/2π, is between 7.1 and 2842 kHz.
Test of the simulation method
In order to test the validity of our method, we applied the method to a Newtonian host fluid that does not contain dispersed particles. 
We compared our results with a theoretical expression for Furthermore, the loss modulus is larger than the storage modulus, and the dispersion behaves like a viscous fluid. Here, we define the particle relaxation time to be We found that the viscoelastic properties of the concentrated dispersions depend strongly on the volume fraction. In addition, at Φ = 0.51, the storage modulus increases very slowly with increasing ω, and at ω = 0.02, a crossover from elastic-to viscous-dominant regions is observed.
Comparison of simulations and experiments
The simulation results obtained in this work were com- 
